Abstract
INTRODUCTION

22
The need for accurate measurements of the dielectric and magnetic prop-23 erties of materials, in order to improve the range and specificity of applica-24 tions, is on increasing demand. In particular, materials for electromagnetic 25 applications are lossy and the measurement of their properties is challenging 26 [1] . Furthermore, the dielectric and magnetic properties of materials are only 27 experimentally measured to within some finite frequency interval response.
28
It is often the case that one is interested in expanding the experimental 
where we explicitly wrote the dependence of the parameters on the angular loss tangent may be oscillatory at some frequency range outside the dataset.
103
The condition for dimensional resonance can be estimated according to further specific physical models for resonance are input to the problem.
114
A second relation that connects the behavior of the imaginary and real
115
parameters is given by Kromers-Kronig (KK) equation [3] :
where P refers to the principal part of the integral. In our proposed scheme,
117
we assume that the KK equation is a sufficient model for the behavior of the material, or at least that any such dependence is not relevant to the 122 problem at hand.
123
Step 2: To model the hypotheses on the available data
124
After considering the main hypotheses involved, the next step consists in integral is written as:
where g(ω) ≡ 2ω (ω) in our problem. Therefore, I above is one half of that 153 which appears in the KK relation (with a further 1/π factor), Eq. 6. Using 154 that expression, with appropriate numerical treatment, we have a generally 155 well-behaved integrand and the principal part of the KK integral can be well 156 approximated.
157
Step 3: To check the level of errors on the available data
158
As previously mentioned, the truncated KK equation will result in an 159 inaccurate determination of (ω) because of the given the lack of complete 160 knowledge of (ω) in the whole intervalω = {0, . 
181
In the extrapolated region, we will also use the loss tangent model as a Eq. 4 in place of the (ω) in the truncated KK equation.
187
Step 4: To extrapolate the data: direct procedures or inverse an "extrapolated" loss tangent value for the obtained points, namely:
The value above is compared to that defined by the previously computed fit
204
for the data (based on the form f −2 ). That is, we establish the ratio:
and the extrapolated imaginary permittivity point is "normalized", according 
CALCULATIONS AND RESULTS
241
Study case: extrapolation of the complex permittivity
242
In this section we consider a study case using actual data obtained for 243 a composite material, as described in detail in [11] . The data ranges from 244 f = {8, ..., 12} GHz. The desired range of extrapolation is f = {12, ..., 80}
245
GHz. This example should clarify the procedure described previously.
246
Step 1: Collecting general hypotheses on the behavior of the fluctuations are not considered important.
265
Step 2: Modeling the hypotheses on the available data
266
We performed a cubic spline fit to the and data, and also computed 267 the corresponding loss tangent. In Fig. 3 , we show the resulting (splined) 268 loss tangent with an algebraic fit and a simple f −2 fit. We choose the latter 269 fit for two reasons: simplicity, and for the fact that it does not lead to a give based on the (ω) given by the data: (i) using direct data on (ω)
276
itself into the integrand of Eq. 6; and (ii) using the loss tangent fit, ∼ f −2 , 277 described above, computed in the data frequency range (and also using the 278 data on (ω), see Eq. 4) to input an "approximated" (ω) for the integrand 279 in Eq. 6.
280
In Figs Figure 6: Truncated KK result using the loss tangent fit, ∼ f −2 .
By using the "difference curve" fits described in the previous step as a 294 correction to the truncated KK relation, we compute again its prediction for
295
(ω) for both cases, (i) and (ii), as described previously. At this point we note that it is not trivial to set an error bar to the range.
330
Step 4: Extrapolating the data those which better matches the dataset.
356
A second approach is that given in step 4.1 of previous section in which 357 we spline the extrapolated point and compute the truncated KK relation 358 recursively. The difference curve for the whole extrapolated range is obtained
359
and given an algebraic fit. The difference curve fit is then used to correct to 360 the truncated KK relation, which is re-calculated.
361
We have examined this procedure for various coefficients of the integral 362 term of the truncated KK relation (originally set as 2/π in the original,
363
"non-truncated" KK relation, Eq. 6). In one of the cases, we have interated 364 once more the calculations by "fine-tuning" the correction, adding an overall 365 small factor, determined by an "eyeball" examination of the 1/(2π) case.
366
The results are shown in Fig. 15 . be taken into account in order to choose the extrapolation which better 381 matches the underlying "true" solution.
382
As we mentioned, it is not trivial to quote the error bars of the extrap-383 olated results. In Fig. 17 , we include error bands for the extrapolations.
384
The upper/lower limits of a given band along an extrapolation curve was set 
392
In Fig. 18 we present the loss tangent for the initially extrapolated data
393
(before calculating the values from the truncated KK relation), which was 394 constrained to follow the f −2 fit, but drawn from the splined data and its 395 derivatives. We also show the loss tangent for one of the extrapolated results.
396
The relative difference along the frequence range is shown in the inset. This 397 view can also serve as a subsequent study model for the material properties. 
B. Optimization techniques
400
We implemented our whole procedure into one single function, as out-401 lined in Section 2, step 4.2. In order to find the robustness of our procedure,
402
we performed a simple Downhill Simplex Method [8] shown not to approach exactly zero (a perfect match). This is expected, as 
CONCLUSIONS
417
The present work offers a procedure to extrapolate the complex permit-418 tivity (and permeability 4 ) values of a material based on finite frequency data.
419
As any extrapolation, it is by its own nature a "hazardous" procedure (at 420 least, as compared to interpolations, see, e.g., [8] 
